We investigate the Josephson effect in TNT and NTN junctions, consisting of topological (T) and normal (N) phases of semiconductor-superconductor 1D heterostructures in the presence of a Zeeman field. A key feature of our setup is that, in addition to the variation of the phase of the superconducting order parameter, we allow the orientation of the magnetic field to change along the junction. We find a novel magnetic contribution to the Majorana Josephson coupling that permits the Josephson current to be tuned by changing the orientation of the magnetic field along the junction. We also predict that a spin current can be generated by a finite superconducting phase difference, rendering these materials potential candidates for spintronic applications. Finally, this new type of coupling not only constitutes a unique fingerprint for the existence of Majorana bound states but also provides an alternative pathway for manipulating and braiding topological qubits in networks of wires.
I. INTRODUCTION
The recent indications in experiments with semiconductor-superconductor 1D heterostructures [1] [2] [3] of the existence of Majorana bound states (MBS) [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] have also intensified the pursuit of designing a quantum computer based on topologically protected qubits [24, 25] . The existence of a pair of spatially separated MBS in these systems will signal the appearance of a topological qubit. Here, the two-level system arises from the emergence of a zero-energy quasiparticle leading to a doubly degenerate ground state. The topological character of the qubit reflects an intrinsic particle-hole symmetry of the specific system, which provides the protection against external sources of decoherence and noise as long as neither a gap closes nor quasiparticles are excited [26] [27] [28] [29] [30] [31] .
The potential applications of this class of topological qubits require, on one hand, finding unique fingerprints that unambiguously confirm their existence and, on the other hand, developing techniques that permit their manipulation with an eye to quantum information processing [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] . The majority of previous proposals for their detection [44] [45] [46] [47] [48] [49] [50] [51] [52] rely on tunneling and transport features of the zero-energy fermionic excitation. More recently, alternative experimental routes have been explored, based on unconventional Josephson signatures [53] , distinct from the well-known 4π-periodic Josephson effect typical for MBS [7, [54] [55] [56] .
In this manuscript, we report on new results concerning the Josephson effect in double-junctions of the type TNT and NTN, consisting of topological (T) and normal * Electronic address: panagiotis.kotetes@kit.edu
FIG. 1: (Color online)
Platform for realizing topological qubits. A 1D semiconducting quantum wire with strong spinorbit coupling is placed on top of a bulk s-wave superconductor. Proximity effects induce superconducting pairing to the quantum wire. Majorana bound states appear when we additionally apply a Zeeman field. The junctions that we consider should be fabricated by this type of hybrid structures.
(N) phases. Each of the segments of the junction are constructed from heterostructures of 1D quantum wires (e.g. InSb) deposited on top of a bulk s-wave superconductor (e.g. Nb), in the simultaneous presence of a Zeeman magnetic field ( Figure 1 ). We demonstrate that there exists a contribution to the Josephson coupling of these systems which can be tuned by varying the orientation of the Zeeman magnetic field along the junction. For two neighbouring MBS, this novel "magnetic" Josephson coupling in its simplest version is proportional to
where γ l,r correspond to the Majorana operators satisfying {γ l,r , γ l,r } = 1 and {γ l , γ r } = 0, ϑ l,r correspond to the angles defining the orientation of the Zeeman field and ϕ l,r represent the superconducting order parameter phases that the MBS see.
We observe a 4π-periodicity also for the Zeeman field phase difference ϑ l − ϑ r , that could provide a characteristic signature of the interacting MBS. The recent experimental results [3] supporting the observation of the MBS Josephson effect in these heterostructures, suggest that our setup constitutes a realistic, unambiguous and accessible way to detect the possible existence of MBS. Moreover, this extra term may offer alternative routes for braiding and manipulating MBS in networks of quantum wires, as for example in Y-junctions [38, 41] , by adiabatically varying the relative phases of the Zeeman field.
II. MODEL HAMILTONIAN AND BULK SINGLE PARTICLE EIGENFUNCTIONS
In order to study the Josephson effect of the junctions, we model the semiconductor-superconductor 1D heterostructure with the following Hamiltonian
where we have introduced the Bogoliubov -de Gennes Hamiltonian density
and the enlarged Nambu spinor
The factor 1/2 in front of the Hamiltonian in Eq.(2) accounts for the doubling of the degrees of freedom when we introduce the extended Nambu spinor, which is composed by electronic creation and annihilation operators ψ † σ (x) and ψ σ (x) of spin projection σ =↑, ↓. To represent the possible terms of the Hamiltonian within this Nambu formalism, we have made use of Kronecker products of the Nambu-space τ and spin-space σ Pauli matrices. The velocity v corresponds to the strength of the spin-orbit interaction that is oriented along the z−axis, B(x) represents the Zeeman magnetic field that is allowed to rotate freely in the x − y plane, ∆(x) = (∆ ℜ (x), ∆ ℑ (x)) defines the proximity induced superconducting order parameter of the quantum wire written in a convenient vectorial form and finally the last term corresponds to the kinetic energy of the electrons measured from the chemical potential µ.
For a bulk system, B(x) and ∆(x) become homogeneous and we can Fourier transform Eq.(3), obtaining
Correspondingly, the extended Nambu spinor becomes
The Bogoliubov operators that diagonalize the above Hamiltonian, are generally of the form
only occur for inversion symmetric momentum space points (k ≡ −k) for which we may have linear combinations of the type ψ kσ ± ψ † −kσ ≡ ψ kσ ± ψ † kσ with σ =↑, ↓. In the case of a bulk system this can take place only for k = 0. In fact, the parameter regime where the energy spectrum E(k) shows zeroes for k = 0, indicates a phase boundary between the topological trivial and non-trivial phases. For the Hamiltonian of Eq. (5), one directly obtains that for |B| > |∆| 2 + µ 2 the system is in the topological phase with one MBS for k = 0, while for |B| < |∆| 2 + µ 2 the system is in the topologically trivial phase with a zero or an even (in general) number of MBS [13, 32] .
In our case we set the chemical potential equal to zero µ = 0, which permits us to consider a truncated version of the Hamiltonian of Eq.(5). Specifically, we drop the kinetic energy term and our truncated Hamiltonian reads
Considering the latter Hamiltonian in order to study the Josephson effect is naturally justified, since we want to examine topological properties that are related to the k = 0 point. The truncated Hamiltonian is the linearized version of our initial one, about k = 0. Nevertheless, as already discussed in Ref. [53] the models of (5) and (6) show a discrepancy concerning the characterization of the topological and normal phases. Specifically, in the linearized model the topological phase occurs when |∆| > |B| and the normal when |∆| < |B|.
For studying the junctions we shall consider that the superconducting order parameter and the magnetic field remain constant for each segment, having the following spatial profile B(
, where Θ(x) is the Heaviside function and the label s = l, m, r denotes the left, middle and right segments. Every segment can be described by the Hamiltonian of Eq.(6). Therefore it is eligible to determine the bound state eigenfunctions for the latter Hamiltonian. Since we are looking for bound states, we set κ = ik. The 4-component single particle bulk wavefunctions Ψ(x) = e κx Ψ(κ) are readily obtained and read
where we have made use of the definitions ω ± ≡ iα ± + π/2, tanh α ± = E/||∆| ± |B||, and s − ≡ sign(|∆| − |B|). The above wave-functions are characterized by the corresponding "wave-vectors"
For every bulk segment s = l, m, r the total wavefunction corresponding to energy E, retains the form
where the coefficients c s;n (E) need to be determined by imposing appropriate matching conditions at the two interfaces where the three segments meet pairwise. By taking into account that the junction extends to infinity on the left and right parts, we conclude that the total wave-function of the system can be written as
The rest of the appearing coefficients in the above expressions will be determined by demanding continuity for the wave-function along the junction. There is one continuity equation for each interface point and they read Ψ
. The arising equations define a homogeneous system of equations from which we may retrieve the coefficients c s,n (E) and additionaly the energy eigenvalues of the system.
III. TOPOLOGICAL -NORMAL -TOPOLOGICAL (TNT) JUNCTION
We now proceed with examining specific junction setups. In this paragraph we shall focus on interfaces with a topological-normal-topological sequence of phases. We may recall from the previous section that a segment s = l, m, r is in the topological phase if |∆ s | > |B s |, while the opposite condition holds for the normal phase. In order to obtain a double junction with the desired phase sequence per segment, we shall consider the following profile for the magnetic field and the superconducting order parameter |B l | = |B|, |B m | = |∆|, |B r | = |B|, |∆ l | = |∆|, |∆ m | = |B| and |∆ r | = |∆|. As a matter of fact, |∆| and |B| constitute the values of the order parameter and the magnetic field in the topological segments. To make a connection to the results that we have obtained so far, the specific choice of values, renders only the variable s − = sign (|∆| − |B|) spatially dependent, which enters in Eq.(9) and Eq.(10).
After applying the matching conditions for the continuity of the wave-functions along the junction, we may obtain the bound states wave-functions and the energy eigenvalues of the system. Due to the particle-hole symmetry of the Bogoliubov -de Gennes Hamiltonian, we expect for every positive energy eigenvalue, an accompanying negative one. For a finite distance d between the two junction points x a and x b (Figure 2) , where a topological phase transition occurs, we expect the emergence of finite energy ingap bound states localized in the vicinity of these points. However, if the distance d is taken to infinity, then the finite energy ingap states evolve into zero-energy Majorana bound states.
First we shall examine the case where there is no phase mismatch along the junction and then turn to the general case. If we set all the phases equal to zero, we find that the energy eigenvalues satisfy the equation E = ||∆| − |B||e −κ−(E)d . Notice that energy appears in both sides of the equation. For a large distance d, the energy tends to zero E → 0 and concomitantly κ − (E) → κ − (0) = ||∆| − |B||/v . By substituting this approximate value for κ − back to the equation defining the energy, we directly obtain the expression E = (|∆| − |B|)e −(|∆|−|B|)d/v , since |∆| > |B|. We observe that the energy scales exponentially with the distance and it becomes zero for d → ∞, giving rise to the zero-energy Majorana bound states, one per interface point. In fact, for finite d, the finite energy splitting is a consequence of the hybridized Majorana bound states, that now have a finite overlap. In order to study the case where we keep the phases of the field and the order parameter intact, we shall assume that κ ± (E) ≃ κ ± (0) = (|∆| ± |B|)/v . To obtain an approximate analytical expression for the energy of the bound states, we shall consider that the terms E, e −κ+(0)d and e −κ−(0)d are of the same magnitude. In this manner, we may perform a perturbative expansion up to second order in these three terms that will provide us with the following compact relation for the energy
where we have defined the Josephson couplings
For a consistency check, we see that when the phases go to zero, F → 1 and we obtain the anticipated result found earlier which yields E = (|∆|−|B|)e
− ϕ m that appears in our result, is in agreement with the findings of Ref. [53] . The first coupling describes the usual 4π-periodic Josephson term and the second was recently highlighted by the aforementioned authors. We observe that our method not only retrieves the already established results but also additional information with significant physical consequences, which are encoded in the term F (ϕ l − ϕ m , ϑ l − ϑ m )F (ϕ r − ϕ m , ϑ r − ϑ m ). Since this term includes the phases of the magnetic field ϑ l,m,r , it provides the possibility of manipulating the Josephson response via the control of the magnetic field orientation along the junction. Based on reciprocity, we also predict the generation of a spin current polarized along the z−direction, which can be controlled by tuning the superconducting phase difference along the junction. Both phenomena originate from the presence of the spin-orbit interaction of the semiconducting wire.
To gain some more insight concerning these two phenomena, we shall consider the special case where ϕ m = (ϕ l + ϕ r )/2, ϑ m = (ϑ l + ϑ r )/2 and |∆| >> |B|. In this case, everything depends on the phase differences ϕ l − ϕ r and ϑ l − ϑ r and we obtain
where J ′ M,Z correspond to the values that these quantities acquire when we take the limit |∆| >> |B|.
We readily observe that the Josephson coupling consists of three types of terms: cos . The first term is responsible for the 4π-periodic MBS Josephson effect, the second term describes a usual 2π-periodic Josephson effect and the last coupling describes a "magnetically" driven 4π-periodic Josephson effect or a superconducting phase driven 4π-periodic spin current.
IV. NORMAL -TOPOLOGICAL -NORMAL (NTN) JUNCTION
In this section we shall consider a junction consisting of a normal-topological-normal sequence of phases. To model this type of junction we shall make the following choice for the order parameter and the magnetic field along the junction |B l | = |∆|, |B m | = |B|, |B r | = |∆|, |∆ l | = |B|, |∆ m | = |∆| and |∆ r | = |B|. Once again, |∆| and |B| correspond to the values of the superconducting gap and Zeeman field in the topological region. The methodology we use is identical to the one followed in the previous section and we obtain the expression for the midgap state energy
where we have used the same definitions as previously. We observe that the results of this section can be related to the prior ones by just exchanging the phases ϕ ↔ ϑ. Again, if we take the special case ϕ m = (ϕ l + ϕ r )/2, ϑ m = (ϑ l + ϑ r )/2 and the limit |∆| >> |B|, we similarly obtain
In this case we also retrieve three different kinds of couplings cos
, cos (ϑ l − ϑ r ) and cos
. The first two terms are connected to 4π-periodic and 2π-periodic spin transport, while the novel type of "magnetic" Josephson coupling (third term) still appears in this case.
V. MAGNETICALLY TUNED JOSEPHSON COUPLING AND ALTERNATIVE WAY OF BRAIDING
Apart from the importance of exploring routes for engineering MBS and topological qubits, an equally significant task is to invent new techiques for manipulating them and performing quantum computations. MBS offer due to their topological stability significant advantages as compared to the more conventional qubits based on either Josephson junctions [57] or spins in quantum dots [58] . However, for their manipulation new techniques have to be developed. One of the standard methods in the latter situation, is to create junctions (e.g. Yjunctions [38, 41] ) where a number of MBS are brought together, interact and afterwards are separated again in order for a read-out protocol to be implemented and yield the quantum computation output. Up to now, the only interaction considered to take place between two MBS was through the Josephson coupling
As a matter of fact, the superconducting phase of the order parameter has to be manipulated in order to braid the MBS. However, in this paper we revealed another type of Josephson coupling that exists in these systems and this is of the form
∝ iγ l γ r cos ϑ l − ϑ r 2 cos ϕ l − ϕ r 2 .
This novel Josephson coupling provides an additional degree of freedom to be manipulated, which is the orientation of the Zeeman magnetic field. In this manner, varying the superconducting order parameter phases is not necessary any more, since braiding can be performed by properly adjusting the magnetic field that each MBS feels.
VI. CONCLUSIONS
We presented a detailed analysis of the Josephson effect in double junction sandwiches of topologically trivial and non-trivial phases of semiconductor-superconductor 1D heterostructures. We demonstrated the existence of a novel type of Josepshon coupling that allows the manipulation of the supercurrent via spatial variations of the Zeeman field along the junction. Conversely, a spin current generation is possible by varying the superconducting order parameter phase differences. This additional term opens a pathway for unambiguous Majorana bound state detection and at the same time constitutes an alternative platform for topological qubit operations.
Note added: After we had already submitted this manuscript for the ICM2012 proceedings, two other papers [59, 60] appeared, arriving independently to similar conclusions.
